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A strained graphene monolayer is shown to operate as a highly efficient quantum heat engine delivering max-
imum power. The efficiency and power of the proposed device exceeds that of recent proposals. The reason
for these excellent characteristics is that strain enables complete valley separation in transmittance through the
device, implying that increasing strain leads to very high Seebeck coefficient as well as lower conductance. In
addition, since time-reversal symmetry is unbroken in our system, the proposed strained graphene quantum heat
engine can also act as a high performance refrigerator.
I. INTRODUCTION
Quantum heat engines(QHE) have twin purposes to act as
highly efficient heat engine enabled by quantum principles and
also to act as a conduit for excess heat1, therein lies their
appeal. In this work we probe the thermo-electric properties
of an open strained graphene system and show its action as
a very efficient quantum heat engine(QHE)4. The heat en-
gine of ours is a steady-state heat engine. Steady-state de-
vices convert heat to work without any macroscopic moving
parts, through steady-state (no time dependent parameter in-
volved) flows of microscopic particles such as phonons, elec-
trons and photons2,3. Heat engines can not only be of steady
state type but also be classified as cyclic heat engines, such
as Carnot and Otto engines. These cyclic heat engines are
non-autonomous, since they require an external control sys-
tem, while the steady state heat engines are autonomous. In
cyclic heat engines all parameters revert to their initial position
in one period, drawing thereby a cycle in parameter space,
through a reversible transformation. Reversible operations im-
ply extremely long duration of the working cycle and as a re-
sult when the engine efficiency reaches Carnot efficiency the
output power is zero. In a steady-state device one can get
finite output power with an efficiency below the upper bound
of Carnot efficiency. One of such cyclic/closed heat engines,
working in graphene, is mentioned in Ref. 5. A closed sys-
tem differs from an open system in that no transport of heat
or charge current is involved in the operation of such a closed
heat engine, so there is no dissipation within the system, and
no power generation too2.
Recent works show that graphene is a good thermoelectric
material with a moderate Seebeck coefficient10,11. Though,
due to its high thermal conductance, it possesses a very
small thermoelectric figure of merit ZT around 0.1-0.001, much
smaller than the most efficient 3D thermoelectric material
Bi2Te3. In some recent works based on graphene, ZT’s
close to 3 have been obtained in presence of disorder7,8 or
nanopores9 or isotopes8 or by nanopatterning the graphene
surfaces6 at room temperature. The maximum output power
at this ZT value is still smaller than that of Ref. 17, which is
a quantum Hall heat engine working at much lower tempera-
tures.
In this work, we consider the possibility of strained graphene
as an efficient thermo-electric material in the ballistic transport
regime. The presence of uniaxial strain in graphene, intro-
duces quantum confinement by suppressing the transmission
at particular incident angles, which, in turn, increases the See-
beck coefficient to large values even at lower temperatures,
though, it reduces the electrical and thermal conductances.
In this work we see that the dimensionless thermoelectric fig-
ure of merit ZT can increase to a value as large as 3 even
at temperatures around 30 K, as well as the maximum output
power can be increased, which is now comparable to that of
Ref. 17 and demonstrates the potential of graphene as an ef-
ficient heat engine. In Ref. 12, they have generated a large
Seebeck coefficient, in a similar device setup to us, but in a
different context, to use it as a thermal sensor rather than a
quantum heat engine. The rest of the paper is organized as
follows- in section II we deal with the theoretical framework of
our quantum heat engine and derive the power, efficiency and
thermoelectric figure of merit while in section III we describe
our model and calculate the scattering coefficients needed to
determine the efficiency and power of our strained graphene
based QHE. Section IV is devoted to the results of our work
wherein we also discuss the reasons for obtaining the large
values of efficiency and power of our QHE. A notable aspect
of our work is that our strained graphene model can also be
effectively used as a quantum refrigerator in a different param-
eter space we discuss the coefficient of performance of the
quantum refrigerator in section V. We end our paper with a
Conclusion where we put our work in perspective and com-
pare our results with those of some other proposals in Table 1.
II. THEORY
Our aim in this work is to design an extremely efficient QHE
which operates at full power using a strained graphene system.
To do this we calculate the thermoelectric properties of our
system in the linear transport regime, wherein electric and heat
currents are linearly proportional to the applied biases be it
electric or thermal. In a thermoelectric system temperature
difference ∆T and applied electric bias E across it work in
tandem to operationalize it. The linear dependencies can be
expressed as follows13,14,17-(
j
jq
)
=
(
L11 L12
L21 L22
)(
E
∆T
)
(1)
where j and jq are the electric and heat currents respectively,
Li j with i,j ∈ 1,2 represents Onsager coefficients for a two ter-
minal thermo-electric system. The Seebeck coefficient is de-
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Figure 1. Top: The graphene layer with a strained region between
x = 0 and x = L. Electric and heat currents are generated due to
the applied potential bias and finite temperature difference between
probe 1 and 2. Bottom: A incident electron at the interface between
region 1 and 2 is transmitted or reflected by the strained region with
a finite probability. Here φ is the incident angle and θ is the refracted
angle in the strained region.
fined as the electric response due to the finite temperature dif-
ference ∆T across the system. On the other hand, the Peltier
coefficient P is defined as the heat current generated due to
the applied bias voltage E across the system. They are ex-
pressed as follows-
S=−L
12
L11
, and P=
L21
L11
(2)
The Onsager co-efficient matrix in Eq. [1], which relates the
electric and heat currents to the temperature differences and
applied electric bias, can be rewritten as follows13,21-(
L11 L12
L21 L22
)
=
(
L0 L1/eT
L1/e L2/e2T
)
(3)
wherein,
Lα = G0
∫ pi/2
−pi/2
dφcosφ
∫ ∞
−∞
dε(−∂ f
∂ε
)
|ε|
~v f
(ε−µ)αT (ε,φ) (4)
here G0 = (e2/~)(W/pi2), L0 = G is conductance of system
with sample width W 12, φ is the angle at which the electron is
incident, ε is the energy of the electron, f is the Fermi-Dirac
distribution, µ is the Fermi energy and T (ε,φ) is the transmis-
sion probability for electrons through strained graphene. To
calculate the Onsager coefficients Li j in Eq. (1), we need the
transmission probability T (ε,φ). After calculating the Onsager
coefficients Li j in Eq. (1), maximal efficiency and power can
be determined, as follows. The output power14, defined as -
P = jE = (L11E +L12∆T )E (5)
is maximized by dPdE = 0, at E =− L
12
2L11∆T , which gives maxi-
mum power as-
Pmax =
1
4
(L12)2
L11
(∆T )2 =
1
4
S2G(∆T )2 (6)
The efficiency at maximum power is defined as the ratio of
maximum power to the heat current transported and is derived
to be-
η(Pmax) =
Pmax
jq
=
ηc
2
TL122
2L11L22−L12L21 =
ηc
2
GS2T/κ
2+GS2T/κ
(7)
at E = − L122L11∆T = S2∆T , which is the condition for maximum
power, and κ is the thermal conductance, defined as-
κ=
L11L22−L12L21
L11
(8)
Similarly, efficiency η becomes14-
η=
P
jq
=
(L11E +L12∆T )E
(L21E +L22∆T )
=
−(E −S∆T )E
(TSE − ( κG +TS2)∆T )
.(9)
To calculate maximal efficiency we need to find the relation
between E and ∆T , substituting dηdE = 0 in Eq. (9), with the
condition jq > 0, gives-
E =
L22
L21
(−1+
√
L11L22−L12L21
L11L22
)∆T (10)
and, ηmax = ηc
√
ZT +1−1√
ZT +1+1
, (11)
wherein ηc is the Carnot efficiency defined by ∆TT and ZT is
the figure of merit, a dimensionless quantity, defined as-
ZT =
GS2T
κ
(12)
III. MODEL
A. Hamiltonian
Graphene is a 2D Carbon allotrope with honeycomb lattice
structure which consists of two triangular sublattices A and B.
To design our system we apply an uniaxial mechanical strain15
to the monolayer graphene sheet lying in the xy plane between
x= 0 and x= L. A potential bias is applied at contact 1 with a
finite temperature difference between the two contacts 1 and 2.
The corresponding set up is shown in Fig. 1. In Fig. 1, a gen-
eral two terminal thermodynamic model is shown to operate
between two temperatures T1 > T2 and a bias ∆V = V1−V2.
At steady state, a steady heat and electric current, jq and j
flow between these two reservoirs. If jq > 0 and output (as
defined in Eq.(5)) power > 0 then it is a QHE and if jq < 0
and output power < 0 then it acts as a refrigerator.
In Landau gauge, the strain can be expressed as a pseudo
magnetic vector potential A= (0,±Ay), where ‘+’ and ‘-’ signs
2
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are for K and K′ valley respectively15. This system is de-
scribed by the Hamiltonian, which is given for K and K′ valleys
as-
HK = ~v fσ(k− s) HK′ =−~v fσ∗(k+ s) (13)
Here s = Ay~v f [Θ(x)−Θ(x−L)] is the strain, σ = (σx,σy) are
the Pauli matrices operating on the sublattices A and B with
σ∗ being the complex conjugate, k(= {kx,ky}) is the 2D wave
vector, Θ being the step function and v f the Fermi velocity.
Solving the Hamiltonian in Eq. (13) we can write the wave
equation for K valley as-
~v f (−i∂x−∂y− is)ψB = EψA
~v f (−i∂x+∂y+ is)ψA = EψB (14)
In the next subsection we will solve the (14) to calculate
the transmission T (ε,φ) for ballistic transport in monolayer
graphene with uniaxial strain.
B. Wave function and Boundary conditions
Let us consider an electron with energy ε incident on the in-
terface between region 1 and 2 with angle φ, which can reflect
or transmit depending on it’s energy and angle of incidence.
Here, we have three well defined regions-normal graphene
x < 0, strained graphene between x = 0 and x = L and again
normal graphene for x > L. The wave functions for the three
regions for A and B sublattices in K valley are given below.
For, x< 0-[
ψ1A(x,y)
ψ1B(x,y)
]
=
[
(eikxx+ re−ikxx)
(eikxx+iφ− re−ikxx−iφ)
]
eikyy (15)
in region 0< x< L-[
ψ2A(x,y)
ψ2B(x,y)
]
=
[
(aeiqxx+be−iqxx)
(aeiqxx+iθ−be−iqxx−iθ)
]
eikyy (16)
and for x> L- [
ψ3A(x,y)
ψ3B(x,y)
]
=
[
teikxx
teikxx+iφ
]
eikyy (17)
where qx =
√
(ε/~v f )2− (ky− s)2 is the x component of mo-
mentum wave vector inside the strained region. In the normal
regions qx is replaced with kx and k2x + k
2
y = (ε/~v f )2 wherein
kx = (ε/~v f )cosφ and ky = (ε/~v f )sinφ. In the strained re-
gion qx = (ε/~b f )cosθ and ky− s= (ε/~v f )sinθ, θ being the
refraction angle in the strained region as shown in Fig. 1(bot-
tom) and also satisfies tanθ=(ky−s)/qx. To solve Eq. (14) for
the wave functions in Eqs. (15-17) we impose following bound-
ary conditions-
at x= 0-
ψ2B(x= 0) = ψ
1
B(x= 0), ψ
2
A(x= 0) = ψ
1
A(x= 0) (18)
and at x= L-
ψ2A(x= L) = ψ
3
A(x= L), ψ
2
B(x= L) = ψ
3
B(x= L). (19)
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Figure 2. Conductance (in units of "2e2/h") at 30K for various values
of strain with L= 40nm and width W = 20nm.
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Figure 3. Seebeck co-efficient S in units of (kb/e) at 30K for different
values of strain with L= 40nm and width W = 20nm.
Solving Eqs. (18-19) we get the transmission probability for K
valley as-
T (ε,φ) =
1
cos2[qxL]+ sin2[qxL](
1−sin[θ]sin[φ]
cos[θ]cos[φ] )
2
(20)
Finally from the Hamiltonian for K′ valley as in Eq. (13) and im-
posing boundary conditions similar to that for K valley and then
replacing φ→−φ, s→−s we get the transmission probability
for K′ valley. The total conduction then is sum of both K and K′
valley conductances. It so turns out that although transmission
T (ε,φ) differs in K and K′ valley, when integrated over ′φ′ this
differences disappear. Thus total conductance G is the twice
that of K valley conductance.
IV. RESULTS AND DISCUSSION
Our aim as defined in the introduction was to design an effi-
cient QHE operating with full power using strained graphene.
To do that we have to have high efficiency at maximum power.
The generated power should be comparable to or better than
other QHE’s based on quantum Hall effect17, chaotic cavities16
3
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Figure 4. Maximum Power (Pmax) in units of ((kB∆T )2/h) at 30K
for different lengths(L) of strained region with strain = 50meV and
width(W) of strained region = 20nm.
etc. To get maximum power the system should have a large
Seebeck coefficient (S) with a large electrical conductance (G),
as power is proportional to the S2G, see Eq. (6).
Increasing strain reduces the electrical conductance, see
Fig. 2, but increases the Seebeck coefficient, as in Fig. 3,
which is also seen in Ref. 12. As strain is increased the total
transmission probability of electrons decreases, thus reducing
the electrical conductance. From Fig 2, we see that increas-
ing strain opens a gap in the conduction, though it is not a
band gap, it is due to the shift of the Dirac cones by the strain
in the Brillouin zone. A band gap opens for strain beyond 20
percent (540 meV) in pristine graphene23, so we will restrict
ourselves only to a maximum of 15 percent strain (400 meV).
A sign changed in Fig. 3, observed in the Seebeck co-efficient
near the charge neutrality point (CNP), is due to switches be-
tween the carrier from hole to electron. The first peak, close to
the CNP, is due to the imbalance of electron and hole contri-
bution to the thermo-electric co-efficient L12, presents even at
zero strain, dies at a distance from the CNP. Though the origin
of the second peak in the Seebeck co-efficient (blue line in Fig.
3) is the strain. As a result of applied strain transmission prob-
ability becomes a function of energy, and give rise to a large
Seebeck co-efficient, which leads to a large power with a finite
efficiency.
At lower values of strain (s = 50 meV) our engine achieves
maximum power, i.e., 0.2 (kb∆T )2/h = 0.057 pico-Watts at
30K for a 40nm strained region, considering ∆T = 1K, see
Figs. 4 and 5, which is more than two and three terminal quan-
tum Hall heat engine at maximum power17.
The efficiency at maximum power η(Pmax) is 0.1ηc, which is
also good enough as compared to the other QHE’s, see Fig. 6.
Efficiency at maximum power can also be increased to a large
value(more than 0.4 ηc), as in Fig. 7, but then maximum power
Pmax reduces to less than 0.03 (kb∆T )2/h. This is because
while power depends on both Seebeck co-efficient and elec-
trical conductance, see Eq. (6) the two factors so conspire to
reduce the maximum power. On the other hand, the overall ef-
ficiency at maximum power again though dependent on See-
beck co-efficient (S), conductance G and thermal conductance
0
0.05
0.10
0.15
0.20
Figure 5. Maximum Power (Pmax) in units of ((kB∆T )2/h) at T= 30 K,
where strain is along the y direction and Fermi energy E f is along the
x direction with L= 40nm and width W = 20nm.
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Figure 6. Efficiency at maximum power in units of (ηc) at 30K with
strain = 50meV and width W = 20nm.
κ, effectively increases with increasing strain. Individually, S
increases with increasing strain, while for G and κ it is the op-
posite.
Although the maximum efficiency η(Pmax) and maximum
power Pmax are good for this system, the dimension of the heat
engine is large, equal to 20×40 nm2. A effective QHE should
deliver a high power with high efficiency and its dimensions
should be as small as possible, so that in less area more num-
ber of nano heat engines can be fabricated, and thus good
amount of power can be generated. From Fig. 8 (a) we see
that with increasing strain (150meV ), while decreasing length
(L= 21nm) large power and efficiency can be generated. The
performance of the heat engine can be increased more by tun-
ing one more variable, the Fermi velocity v f . Till now, we have
considered the Fermi velocity of Dirac electrons to be equal to
106m/s, but increasing strain can reduce the Fermi velocity to
6 ∗ 105m/s20, then performance of the heat engine can be in-
creased more, such as- maximum power as well as efficiency
at maximum power both can be increased to a value as high as
0.268 (kb∆T )2/h and 0.1ηc respectively, see Fig. 8 (b). This
can be understood better as, if 1cm2 area is fabricated by this
4
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0
0.1
0.2
0.3
0.4
Figure 7. Efficiency at maximum power (η(Pmax)) in units of (ηc) at
T = 30K with width W = 20nm and L= 40nm.
quantum nano heat engines in parallel, then 0.06Watts total
power can be generated with efficiency 0.1 ηc, which is better
than quantum Hall heat engines but comparable to quantum
dot heat engines, see Table I below.
Increasing temperature, Seebeck coefficient and electrical
conductivity both can be increased to a large value with a max-
imum power more than 0.2(kb∆T )2/h (at v f = 106 m/s) and
efficiency at maximum power also more than 0.1ηc. But then
the phonon contribution to the thermal conductivity comes into
play and that increases the thermal conductivity, implying a re-
duction in ZT, thermodynamic figure of merit. This reduces the
efficiency at maximum power, though does not affect the power
of the heat engine. We did not consider the phonon contribu-
tion, hence have restricted ourselves to an upper limit of 30K
temperature at which the phonon contribution is neglected21.
V. CO-EFFICIENT OF PERFORMANCE
Finally we discuss the use of our model as a quantum refrig-
erator. As in our model external magnetic field is absent, so
Time-Reversal (TR) symmetry is not broken. The co-efficient
of performance of the refrigerator is defined by the ratio of heat
current extracted from the hot reservoir to the electrical power
P , such as -
ηr =
jq
P
(21)
which is maximum, considering jq < 0 and P < 0, for -
E =
L22
L21
(−1−
√
L11L22−L12L21
L11L22
)∆T (22)
and, ηrmax = η
r
c
√
ZT +1−1√
ZT +1+1
, (23)
where ηrc = T∆T is the efficiency of an ideal refrigerator. For
systems with broken TR symmetry, the upper bound of the
refrigerator efficiency ηrmax decreases from ηrc as the asym-
metric parameter x = TL12/L21 deviates from 122. For sys-
tems with conserved TR symmetry, the asymmetric parameter
x becomes unity, and the upper bound of the corresponding
maximum efficiency ηrmax equals ηrc. This is the advantage
of systems with conserved TR symmetry, that it can work as
both heat engine as well as a refrigerator with higher bound of
efficiency, but for systems with broken TR symmetry, for refrig-
erator, this upper bound reduces from ηrc.
0.0 75.0 150.0
0.0
0.2
0.1
Fermi Energy EF (meV)
L=21nm, s=150meV, η(Pmax)
L=21nm, s=150meV, Pmax
L=41nm, s=50meV, η(Pmax)
L=41nm, s=50meV, Pmax
(a)
250.0 350.0150.0
0.00
0.15
0.30
Fermi Energy EF (meV)
L=6.5nm, s=400meV, η(Pmax)
L=6.5nm, s=400meV, Pmax
L=8nm, s=300meV, η(Pmax)
L=8nm, s=300meV, Pmax
(b)
Figure 8. (a) Maximum Power Pmax in units of ((kB∆T )2/h) and
η(Pmax) in units of (ηc) at 30K, for v f = 106m/s and (b) Maximum
Power Pmax in units of ((kB∆T )2/h) and η(Pmax) in units of (ηc) at
30K, v f = 6∗105m/s with width W = 20nm.
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Table I. How does the strained graphene QHE compare with related proposals?
Heat Engines Maximum Power Pmax
in units of (kb∆T )2/h
Efficiency at maximum
Power η(Pmax)
Power generated in 1
cm2 area fabricated by
nano engines
Quantum Hall Heat Engine(two terminal)17 0.14 0.10 ηc 0.04 Watts
Quantum Hall Heat Engine(three terminal)17 0.14 0.042 ηc 0.04 Watts
Chaotic Cavity16 0.0066 0.01 ηc 0.00189 Watts
Strained Graphene QHE 0.268 0.1 ηc 0.06 Watts
VI. CONCLUSION
We show here that strain acting solely can act as a QHE
with better performance characteristics like high efficiency than
most other QHE like quantum Hall heat engine, chaotic cavity
QHE, etc. It has some advantage over magnetically driven
QHE. Application of magnetic field breaks the TR symmetry,
which in turn reduces the performance of the system as a re-
frigerator. On the other hand, strain does not break TR sym-
metry, so our system can act as both heat engine as well
as refrigerator22. In Table 1 we compare efficiency η(Pmax),
power Pmax and total power generated for some configured
open QHE’s. We see that our model system has excellent
characteristics compared to other QHE’s. This raises a ques-
tion that perhaps large power and efficiency can also be found
with different kind of strain patterns in multi-terminal graphene
system, for which further investigations are needed.
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